Introduction {#Sec1}
============

Due to their relevance for cold-atom physics \[[@CR27]\], quantum-mechanical models of particles with zero-range interactions have recently received a lot of attention. Of particular interest is the unitary limit of infinite scattering length, where one has scale invariance due to the lack of any intrinsic length scale (see, e.g., \[[@CR3], [@CR4], [@CR11], [@CR12], [@CR25]\]). Despite some effort \[[@CR5]--[@CR7], [@CR9], [@CR21]\], it remains an open problem to establish the existence of a many-particle model with two-body point interactions. Such a model is known to be unstable in the case of bosons (a fact known as Thomas effect \[[@CR3], [@CR5], [@CR24]\], closely related to the Efimov effect \[[@CR8], [@CR22], [@CR26]\]) and hence can only exist for fermionic particles. In contrast, the two-body problem is completely understood and point interactions can be characterized via self-adjoint extensions of the Laplacian on $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathbb {R}^3{\setminus } \{0\}$$\end{document}$ (see \[[@CR1]\] for details). These self-adjoint extensions can be interpreted as corresponding to an attractive point interaction, parametrized by the scattering length *a*, with interaction strength increasing with 1/*a*. For non-positive scattering length, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a \le 0$$\end{document}$, the attraction is too weak to support bound states, while there exists a negative energy bound state for $\documentclass[12pt]{minimal}
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                \begin{document}$$a>0$$\end{document}$.

In the case of non-positive scattering length, $\documentclass[12pt]{minimal}
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                \begin{document}$$a\le 0$$\end{document}$, corresponding to the absence of two-body bound states, point interactions can alternatively be defined via the quadratic form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{\mathbb {R}^3} \left( \frac{1}{|x|} - \frac{1}{a}\right) ^2 \left| \nabla f(x)\right| ^2 \, \mathrm {d}x \quad \text {on}\quad L^2(\mathbb {R}^3, (|x|^{-1}-a^{-1})^2 \mathrm {d}x) \end{aligned}$$\end{document}$$The unitary limit corresponds to $\documentclass[12pt]{minimal}
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                \begin{document}$$a^{-1} = 0$$\end{document}$. Recall that the scattering length is defined (see, e.g., \[[@CR14], Appendix C\]) via the asymptotic behavior of the solution to the zero-energy scattering equation, which in this case is simply equal to $\documentclass[12pt]{minimal}
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                \begin{document}$$|x|^{-1} - a^{-1}$$\end{document}$, corresponding to $\documentclass[12pt]{minimal}
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                \begin{document}$$f\equiv 1$$\end{document}$. To see that ([1.1](#Equ1){ref-type=""}) corresponds to a point interaction at the origin, note that an integration by parts shows that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \int _{|x|\ge \epsilon } \left( \frac{1}{|x|} - \frac{1}{a}\right) ^2 \left| \nabla f(x)\right| ^2 \, \mathrm {d}x&= \int _{|x|\ge \epsilon } \left| \nabla \left( \frac{1}{|x|} - \frac{1}{a}\right) f(x)\right| ^2 \, \mathrm {d}x \nonumber \\&\quad - \int _{|x|=\epsilon } \left( \frac{1}{|x|} - \frac{1}{a}\right) \frac{1}{|x|^2} |f(x)|^2 \mathrm {d}\omega \end{aligned}$$\end{document}$$for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\epsilon >0$$\end{document}$. The last term vanishes as $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon \rightarrow 0$$\end{document}$ if *f* vanishes faster than $\documentclass[12pt]{minimal}
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                \begin{document}$${|x|^{1/2}}$$\end{document}$ at the origin.

We consider here a many-body generalization of ([1.1](#Equ1){ref-type=""}), which was introduced in \[[@CR2]\]. It has the advantage of being manifestly well defined, via a non-negative Dirichlet form. As already noted above, in general it is notoriously hard to define many-body systems with point interactions, see \[[@CR5]--[@CR7], [@CR9], [@CR21]\], due to the inherent instability problems. The model under consideration here was studied in \[[@CR10]\], where it was shown to satisfy a Lieb--Thirring inequality, i.e., the energy can be bounded from below by a semiclassical expression of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$C \int \rho (x)^{5/3}\mathrm {d}x$$\end{document}$, with $\documentclass[12pt]{minimal}
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                \begin{document}$$\rho $$\end{document}$ the particle density and *C* a positive constant. Up to the value of *C*, this is the same as the inequality for non-interacting fermions used by Lieb and Thirring \[[@CR15], [@CR16]\] in their proof of stability of matter. (For other recent work on Lieb--Thirring inequalities for interacting particles, see \[[@CR17]--[@CR20]\].)

The model considered here has the disadvantage that the interaction is not purely two-body, however. In fact, it is a full many-body interaction, its strength depends on the position of all the particles and is weakened due to their presence. We shall show here that the effects of the interaction actually disappear in the thermodynamic limit, and the thermodynamic free energy density agrees with the one for non-interacting fermions.

In the next section, we shall introduce the model and explain our main results. The rest of the paper is devoted to their proof.

Model and main results {#Sec2}
======================
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                \begin{document}$${\vec x} =(x_1,\dots ,x_N) \in \mathbb {R}^{3N}$$\end{document}$, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g : \mathbb {R}^{3N}\rightarrow \mathbb {R}$$\end{document}$ denote the function$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g(\vec x) = \sum _{1\le i < j \le N } \frac{1}{|x_i - x_j|}\,. \end{aligned}$$\end{document}$$We consider fermions with $\documentclass[12pt]{minimal}
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                \begin{document}$$q\ge 1$$\end{document}$ internal (spin) states, described by wave functions in the subspace $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_q^N \subset L^2( (\mathbb {R}^3 \times \{1,\dots ,q\})^N,g(\vec x)^2 \mathrm {d}\vec x)$$\end{document}$ of functions that are totally antisymmetric with respect to permutations of the variables $\documentclass[12pt]{minimal}
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                \begin{document}$$\sigma _i\in \{1,\dots , q\}$$\end{document}$. For $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi \in \mathcal {A}_q^N$$\end{document}$, our model is defined via the quadratic form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal E_g(\psi ) = \sum _{i=1}^N \int _{\mathbb {R}^{3N}} g(\vec x)^2 |\nabla _i \psi (\vec y)|^2 \mathrm {d}\vec y \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\nabla _i$$\end{document}$ stands for the gradient with respect to $\documentclass[12pt]{minimal}
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                \begin{document}$$x_i \in \mathbb {R}^3$$\end{document}$, and we introduced the shorthand notation $\documentclass[12pt]{minimal}
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                \begin{document}$$\vec \sigma = (\sigma _1,\dots ,\sigma _N)$$\end{document}$. Since *g* is a harmonic function away from the planes $\documentclass[12pt]{minimal}
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                \begin{document}$$\{x_i=x_j\}$$\end{document}$ of particle intersection, an integration by parts as in ([1.2](#Equ2){ref-type=""}) shows that ([2.2](#Equ4){ref-type=""}) corresponds to a model of point interactions, as $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ has compact support away from these planes. More generally, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal E_g(\psi ) = \sum _{i=1}^N \int |\nabla _i g\psi |^2 $$\end{document}$ holds if $\documentclass[12pt]{minimal}
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                \begin{document}$$\psi $$\end{document}$ vanishes faster than the square root of the distance to the planes of intersection, which is in particular the case for smooth and completely antisymmetric functions of the spatial variables. In other words, the model is trivial for $\documentclass[12pt]{minimal}
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For *N* particles in a cubic box $\documentclass[12pt]{minimal}
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                \begin{document}$$[0,L]^3 \subset \mathbb {R}^3$$\end{document}$, the free energy at temperature $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} F_g = -T \ln {\text {tr}}e^{-\beta H_g} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$H_g$$\end{document}$ denotes the operator defined by the quadratic form ([2.2](#Equ4){ref-type=""}), restricted to functions in $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathcal {A}_q^N\cap H^1(\mathbb {R}^{3N};g(\vec x)^2 \mathrm {d}\vec x)$$\end{document}$ with support in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$([0,L]^3)^{ N}$$\end{document}$. The latter restriction corresponds to choosing Dirichlet boundary conditions on the boundary of the cube $\documentclass[12pt]{minimal}
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                \begin{document}$$[0,L]^3$$\end{document}$. Alternatively, one can use the variational principle \[[@CR13], Lemma 14.1\] to write the free energy as:$$\documentclass[12pt]{minimal}
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                \begin{document}$$L^2( (\mathbb {R}^3\times \{1,\dots ,q\})^N,g(\vec x)^2 \mathrm {d}\vec x)$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \langle \psi _i | \psi _j \rangle _g = \int _{\mathbb {R}^{3N}} g^2(\vec x) \overline{\psi _i(\vec y)} \psi _j(\vec y) \mathrm {d}\vec y, \end{aligned}$$\end{document}$$and the supremum is over all finite sets of orthonormal functions in $\documentclass[12pt]{minimal}
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In the non-interacting case corresponding to taking $\documentclass[12pt]{minimal}
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                \begin{document}$$g\equiv 1$$\end{document}$, the free energy density can be evaluated explicitly, and is given by \[[@CR23]\]$$\documentclass[12pt]{minimal}
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                \begin{document}$$f_g$$\end{document}$ and *f*, are actually identical.

Theorem 2.1 {#FPar1}
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Theorem [2.1](#FPar1){ref-type="sec"} also holds true for the ground state energy, i.e., $\documentclass[12pt]{minimal}
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                \begin{document}$$f(\infty ,\rho ) = \frac{3}{5} (6\pi ^2/q)^{2/3} \rho ^{5/3}$$\end{document}$. The proof of the equality ([2.8](#Equ10){ref-type=""}) in this case is actually substantially easier, as the analysis of the entropy in Sect. [6](#Sec10){ref-type="sec"} is not needed.

Intuitively, the result in Theorem [2.1](#FPar1){ref-type="sec"} can be explained via a comparison of ([2.2](#Equ4){ref-type=""}) with ([1.1](#Equ1){ref-type=""}). Effectively, the scattering process between two particles, *i* and *j*, say, corresponds to a non-zero scattering length of the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} -\frac{1}{a_\mathrm{eff}} = \sum _{\{k,l\}\ne \{i,j\}} \frac{1}{|x_k-x_l|}\,. \end{aligned}$$\end{document}$$In the limit of large particle number, the sum of these other terms diverges, corresponding to an effective scattering length zero, i.e., no interactions.

A minor modification of the proof shows that Theorem [2.1](#FPar1){ref-type="sec"} also holds for a model where the function 1/\|*x*\| in ([2.1](#Equ3){ref-type=""}) is replaced by $\documentclass[12pt]{minimal}
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From Theorem [2.1](#FPar1){ref-type="sec"}, we conclude that the model ([2.2](#Equ4){ref-type=""}) is not suitable to describe a gas of fermions with point interactions, as it becomes trivial in the thermodynamic limit. No non-trivial models that are proven to be stable for arbitrary particle number exist to this date, however. Such non-trivial models are not expected to be given by a Dirichlet form of the type ([2.2](#Equ4){ref-type=""}), since such forms are naturally well defined even in the bosonic case, where point-interaction models are known to become unstable due to the Thomas effect \[[@CR3], [@CR5], [@CR8], [@CR22], [@CR24], [@CR26]\].

In the remainder of this paper, we shall give the proof of Theorem [2.1](#FPar1){ref-type="sec"}. We start with a short outline of the main steps in the next section.

Outline of the proof {#Sec3}
====================

In the first step in Sect. [4](#Sec4){ref-type="sec"}, we shall localize particles in small boxes. This part of the Dirichlet--Neumann bracketing technique is quite standard, but it does not directly allow us to reduce the problem to fewer particles, as the interactions depend on the location of all the particles, including the ones in different boxes. Still this step allows us to compare our model with the corresponding one for non-interacting fermions, by utilizing a suitable version of the Hardy inequality to quantify the effect of the deviation of the weight function *g* in ([2.1](#Equ3){ref-type=""}) from being a constant. This analysis is done in Sect. [5](#Sec5){ref-type="sec"}. Note that the relevant constant to compare *g* with depends on the distribution of the particles in the various boxes, hence the importance of the first step. An important point in the analysis is a control on the particle number distribution, which is obtained in Proposition [5.4](#FPar7){ref-type="sec"}.

In Sect. [6](#Sec10){ref-type="sec"}, we shall give a rough bound on the entropy for large energy, which will allow us to conclude that to compute the free energy ([2.4](#Equ6){ref-type=""}), it suffices to consider only states with energy $\documentclass[12pt]{minimal}
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                \begin{document}$$E\lesssim N \ln N$$\end{document}$. We do this by applying the localization technique to very small boxes, with side length decreasing with energy, in order to have to consider effectively only the ground states in each small box.

In the low energy sector, corresponding to energies $\documentclass[12pt]{minimal}
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                \begin{document}$$E\lesssim N \ln N$$\end{document}$, our bounds in Sect. [5](#Sec5){ref-type="sec"} allow to make a direct comparison of our model with non-interacting fermions. This comparison is detailed in Sect. [7](#Sec11){ref-type="sec"}. For this purpose, we shall choose much larger boxes than in the previous step, very slowly increasing to infinity with *N* in order for finite size effects to vanish in the thermodynamic limit. Finally, Sect. [8](#Sec12){ref-type="sec"} collects all the results in the previous sections to give the proof of Theorem [2.1](#FPar1){ref-type="sec"}.

Throughout the proof, we shall use the letter *c* for universal constants independent of all parameters, even though *c* might have different values at different occurrences. Similarly, we use $\documentclass[12pt]{minimal}
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                \begin{document}$$\eta \rightarrow \infty $$\end{document}$ corresponds to the zero-temperature limit.

Particle localization in small boxes {#Sec4}
====================================
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Note that with the definition ([4.6](#Equ19){ref-type=""}) above, we have$$\documentclass[12pt]{minimal}
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As a final step in this section, we want to simplify the problem by getting rid of the antisymmetry requirement for particles localized in different boxes. There exists a simple isometry between functions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi ^{{\vec n}}$$\end{document}$ in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_q^{N}$$\end{document}$ and functions whose support is on the smaller set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {B}}({\vec n}) $$\end{document}$ in ([4.1](#Equ14){ref-type=""}), where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1,\dots , x_{n_1} \in B_1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_{n_1+1},\dots ,x_{n_1+n_2} \in B_2$$\end{document}$, etc., and which are antisymmetric only with respect to permutations of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$y_i$$\end{document}$ corresponding to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Energy and norm bounds {#Sec5}
======================

Our goal in this next step is to derive a lower bound on $\documentclass[12pt]{minimal}
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Hardy inequalities {#Sec6}
------------------
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For later use, we need a version of Lemma [5.1](#FPar2){ref-type="sec"} on cubes with arbitrary location relative to the singularity.

### Lemma 5.2 {#FPar4}
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Fig. 1Two-dimensional illustration of the reflection technique used in the proof of Lemma [5.2](#FPar4){ref-type="sec"}. The box $\documentclass[12pt]{minimal}
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A bound on the number of particles in a box {#Sec9}
-------------------------------------------

Let again $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ be a wavefunction in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {A}_q^{N,\ell }({\vec n})$$\end{document}$ and let us assume it is normalized, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Vert \psi \Vert _g = 1$$\end{document}$. We have the following a priori bound.

### Proposition 5.4 {#FPar7}

There exists a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa >0$$\end{document}$ such that for any normalized $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in \mathcal {A}_q^{N,\ell }({\vec n})$$\end{document}$ and any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell >0$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathcal {E}_g^\ell }(\psi ) \ge \frac{\kappa }{q^{2/3} } \sum _{j=1}^M \frac{ \left[ n_j - q\right] _+^{5/3}}{\ell ^2} \end{aligned}$$\end{document}$$

Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$[\,\cdot \,]_+ = \max \{0,\,\cdot \,\}$$\end{document}$ denotes the positive part. The bound ([5.18](#Equ41){ref-type=""}) allows us to conclude that for all normalized $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi \in \mathcal {A}_q^{N,\ell }({\vec n})$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathcal {E}_g^\ell }(\psi )< E$$\end{document}$ we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n_j\le q$$\end{document}$ for all *j* if we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E\ell ^2 q^{2/3}\le \kappa $$\end{document}$. Furthermore, for large $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E\ell ^2$$\end{document}$ we get the bound $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\max _j n_j \lesssim q^{2/5} (E\ell ^2)^{3/5}$$\end{document}$.

### Proof {#FPar8}

We use Lemma 3 from \[[@CR10]\] which states that for a subset $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A \subseteq \{1,\ldots ,N\}$$\end{document}$ corresponding to particles $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_k \in B_j$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k\in A$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sum _{i \in A} \int _{B_j^{|A|}} g(\vec x)^2 |\nabla _i \psi (\vec y)|^2 \mathrm {d}\vec y_A \ge \frac{\tilde{\kappa }}{\ell ^2} \left[ |A| - q \right] _+ \int _{B_j^{|A|}} g(\vec x)^2 |\psi (\vec y)|^2 \mathrm {d}y_A \end{aligned}$$\end{document}$$for some $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tilde{\kappa }> 0$$\end{document}$ independent of *A*, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$. Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vec y_A$$\end{document}$ is short for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{y_i\}_{i\in A}$$\end{document}$. Integrating this over the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{y_j\}_{j\not \in A}$$\end{document}$ and summing over *j* yield ([5.18](#Equ41){ref-type=""}) with the exponent 5/3 replaced by 1, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa = \tilde{\kappa }q^{2/3}$$\end{document}$.

To raise the exponent from 1 to 5/3, we partition $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_j$$\end{document}$ into $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu ^3$$\end{document}$ disjoint cubes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{C_k\}_k$$\end{document}$ of side length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell /\mu $$\end{document}$ for some integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \ge 1$$\end{document}$. We use the identity$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 1 = \sum _{\begin{array}{c} Q \subseteq A \end{array}} \prod _{s \in Q} \chi _{C_k}(x_s) \prod _{t \in Q^c} \chi _{C_k^c}(x_t) \end{aligned}$$\end{document}$$for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\vec x_A\in B_j^{|A|}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$Q^c$$\end{document}$ denotes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A {\setminus } Q$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k^c =B_j{\setminus } C_k$$\end{document}$. By plugging ([5.20](#Equ43){ref-type=""}) into ([5.19](#Equ42){ref-type=""}), we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\sum _{i \in A} \int _{B_j^{|A|}} g(\vec x)^2 |\nabla _i \psi (\vec y)|^2 \mathrm {d}\vec y_A \nonumber \\&\quad = \sum _{i \in A} \sum _{k=1}^{\mu ^3} \int _{B_j^{|A|}} \chi _{C_k}(x_i) g(\vec x)^2 |\nabla _i \psi (\vec y)|^2 \mathrm {d}\vec y_A \nonumber \\&\quad = \sum _{i \in A} \sum _{k=1}^{\mu ^3} \sum _{Q \subseteq A} \int _{B_j^{|A|}} \prod _{s \in Q} \chi _{C_k}(x_s) \prod _{t \in Q^c} \chi _{C_k^c}(x_t) \chi _{C_k}(x_i) g(\vec x)^2 |\nabla _i \psi (\vec x)|^2 \mathrm {d}\vec x_A \nonumber \\&\quad = \sum _{k=1}^{\mu ^3} \sum _{Q \subseteq A} \sum _{i \in Q} \int _{B_j^{|A|}} \prod _{s \in Q} \chi _{C_k}(x_s) \prod _{t \in Q^c}\chi _{C_k^c}(x_t) g(\vec x)^2 |\nabla _i \psi (\vec x)|^2 \mathrm {d}\vec x_A \end{aligned}$$\end{document}$$For the integration over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\{y_s\}_{s\in Q}$$\end{document}$ we can again use ([5.19](#Equ42){ref-type=""}), with suitably rescaled variables to replace the integration over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_j$$\end{document}$ with the one over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_k$$\end{document}$. (Note that *g* is homogeneous of order $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$-1$$\end{document}$ and satisfies the simple scaling property $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g(\lambda \vec x) = \lambda ^{-1} g(\vec x)$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\lambda >0$$\end{document}$.) This yields the bound$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (5.21)\ge & {} \sum _{k=1}^{\mu ^3} \sum _{Q \subseteq A} \frac{\mu ^2 \tilde{\kappa }}{\ell ^2} \left( |Q| - q\right) \int _{C_k^{|Q|}} \mathrm {d}\vec y_Q \, \int _{{C_k^c}^{(|A|-|Q|)}} \mathrm {d}\vec y_{Q^c} \, g(\vec x)^2 |\psi (\vec y)|^2 \nonumber \\= & {} \frac{\mu ^2 \tilde{\kappa }}{\ell ^2}(|A| - \mu ^3 q) \int _{B_j^{|A|}} g(\vec x)^2 |\psi (\vec y)|^2 \mathrm {d}\vec y_A \end{aligned}$$\end{document}$$In the last step, we used again the identity ([5.20](#Equ43){ref-type=""}) as well as$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |A| = \sum _{k=1}^{\mu ^3} \sum _{\begin{array}{c} Q \subseteq A \end{array}} |Q| \prod _{s \in Q} \chi _{C_k}(x_s) \prod _{t \in Q^c} \chi _{C_k^c}(x_t) \end{aligned}$$\end{document}$$Since the left side of ([5.22](#Equ45){ref-type=""}) is obviously non-negative, we can replace $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|A| - \mu ^3 q$$\end{document}$ by its positive part on the right side.

It remains to choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu $$\end{document}$. If we ignore the restriction that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu \ge 1$$\end{document}$ is an integer, we would choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu = (2/5) (|A|/q)^{1/3}$$\end{document}$ to obtain the desired coefficient $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\propto |A|^{5/3}/q^{2/3}$$\end{document}$. It is easy to see that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{\mu \in \mathbb N} \mu ^2 \left[ |A| - \mu ^3 q \right] _+ \ge \frac{c}{q^{2/3}} \left[ |A| - q\right] _+^{5/3} \end{aligned}$$\end{document}$$for some universal constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c>0$$\end{document}$. This proves the desired bound, with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa = \tilde{\kappa }c$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$
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Proof {#FPar10}
-----
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For evaluating the free energy, we can thus limit our attention to eigenvalues $\documentclass[12pt]{minimal}
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Comparison with non-interacting particles in the low-energy sector {#Sec11}
==================================================================

We shall now investigate the bounds derived in Sect. [5](#Sec5){ref-type="sec"} more closely and apply them to the low energy sector, where $\documentclass[12pt]{minimal}
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Proof {#FPar14}
-----
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Convergence of the free energy {#Sec12}
==============================

We now have all the necessary tools to complete the proof of Theorem [2.1](#FPar1){ref-type="sec"}. Proposition [6.2](#FPar11){ref-type="sec"} implies that if we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{E} = c_\eta \beta ^{-1} N \ln N$$\end{document}$ for a suitable constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_\eta >0$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_g(\beta ,N,L) \ge - T \ln \left( 2\, e^{- \frac{1}{2} \beta \bar{E} } + \sup _{\begin{array}{c} \{\psi _k\in \mathcal {A}_q^{N}\} \\ \langle \psi _i | \psi _j \rangle _g = \delta _{ij} \end{array}} \sum _{k=1}^{N_g(\bar{E})} e^{- \beta \mathcal E_g(\psi _k)} \right) \end{aligned}$$\end{document}$$Here, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N_g(\bar{E})$$\end{document}$ denotes the number of states with energy below $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{E}$$\end{document}$, which was estimated in ([6.13](#Equ60){ref-type=""}). We can write, alternatively,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sup _{\begin{array}{c} \{\psi _k\} \\ \langle \psi _i | \psi _j \rangle _g = \delta _{ij} \end{array}} \sum _{k=1}^{N_g(\bar{E})} e^{- \beta \mathcal E_g(\psi _k)} = \sup _{\begin{array}{c} \{\psi _k\} ,\, \mathcal E_g(\psi _k)< \bar{E} \\ \langle \psi _i | \psi _j \rangle _g = \delta _{ij} \end{array}} \sum _{k} e^{- \beta \mathcal E_g(\psi _k)} \end{aligned}$$\end{document}$$By localizing into small boxes of side length $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell $$\end{document}$ with Neumann boundary conditions, as detailed in Sect. [4](#Sec4){ref-type="sec"}, we further have by the min--max principle$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (8.2) \le \sum _{{\vec n}} \sup _{\begin{array}{c} \{\psi \in \mathcal {A}_q^{N,\ell }({\vec n})\} ,\, {\mathcal {E}_g^\ell }(\psi )\le \bar{E} \\ \langle \psi _i | \psi _j \rangle _g = \delta _{ij} \end{array}} \sum _{k} e^{- \beta {\mathcal {E}_g^\ell }(\psi _k)} \end{aligned}$$\end{document}$$If we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{E} \ell ^2 \gtrsim 1$$\end{document}$, we can apply the bound ([7.15](#Equ78){ref-type=""}) from the previous subsection. It implies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (8.3) \le e^{2\beta E_0 \delta ^{1/2}} \sum _{{\vec n}} \sup _{\begin{array}{c} \{\phi \in G \mathcal {A}_q^{N,\ell }({\vec n})\} ,\, \langle \phi _k| H_c |\phi _k\rangle \le \bar{E}+ 2 E_0 \delta ^{1/2} \\ \langle \phi _i | \phi _j \rangle = \delta _{ij} \end{array}} \sum _{k} e^{- \beta \langle \phi _k| H_c |\phi _k\rangle } \end{aligned}$$\end{document}$$with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta $$\end{document}$ defined in Proposition [7.1](#FPar13){ref-type="sec"}. If we choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$E_0$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{E} + 2 E_0 \delta ^{1/2} \le E_0$$\end{document}$, which is possible for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta <1/4$$\end{document}$, we can drop the cutoff in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_c$$\end{document}$ and replace $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$H_c$$\end{document}$ by *H*, the Laplacian on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\bigcup _j B_j)^N$$\end{document}$ with Neumann boundary conditions. To obtain an upper bound on ([8.4](#Equ82){ref-type=""}), we can then further neglect the bound on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\langle \phi _k| H |\phi _k\rangle $$\end{document}$, and sum over all eigenvalues. We obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} (8.4) \le e^{2\beta E_0 \delta ^{1/2}} e^{- \beta F(\beta ,N,L,\ell )} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\beta ,N,L,\ell )$$\end{document}$ denotes the free energy of non-interacting fermions in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bigcup _j B_j$$\end{document}$ (with Neumann boundary conditions on the boundaries of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_j$$\end{document}$). In particular, in combination ([8.1](#Equ79){ref-type=""})--([8.5](#Equ83){ref-type=""}) imply$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_g(\beta ,N,L) \ge F(\beta ,N,L,\ell ) - 2 E_0 \delta ^{1/2} - T \ln \left( 1 + 2 \, e^{- \frac{1}{2} \beta \bar{E} } e^{-2\beta E_0 \delta ^{1/2}} e^{ \beta F(\beta ,N,L,\ell )} \right) \nonumber \\ \end{aligned}$$\end{document}$$We will choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\ell \gtrsim 1$$\end{document}$, in which case $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$F(\beta ,N,L,\ell ) \sim N$$\end{document}$ and hence the last term in ([8.6](#Equ84){ref-type=""}) is, in fact, exponentially small in *N*, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\bar{E} \sim N \ln N$$\end{document}$. To complete the proof, it suffices to observe that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F(\beta ,N,L,\ell ) \ge F(\beta ,N,L) - c_\eta \frac{N \rho ^{1/3}}{\ell } \end{aligned}$$\end{document}$$which is an easy exercise. To minimize the total error, we shall choose$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \ell \sim \rho ^{-1/3} N^{1/63} \left( \ln N \right) ^{-23/21} \end{aligned}$$\end{document}$$to obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} F_g(\beta ,N,L) \ge F(\beta ,N,L) - c_\eta \rho ^{2/3} N^{62/63} \left( \ln N \right) ^{23/21} \end{aligned}$$\end{document}$$This completes the proof of Theorem [2.1](#FPar1){ref-type="sec"}.

Open access funding provided by Institute of Science and Technology (IST Austria). Financial support by the Austrian Science Fund (FWF), Project Nr. P 27533-N27, is gratefully acknowledged.
